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Integers

1.1 INTRODUCTION

Wehavelearnt about whole numbersand integersin ClassVI.
We know that integers form abigger collection of numbers
which containswhole numbers and negative numbers. What
other differences do you find between whole numbers and
integers? In this chapter, we will study more about integers,
their propertiesand operations. First of al, wewill review and
revisewhat we have done about integersin our previousclass.

1.2 REcALL

Weknow how to represent integers on anumber line. Someintegersare marked onthe
number linegiven below.

< ! Fany ! ! ! Fan\ ! ! ! Fan\ ! ! ! ! S
< T \ T T T \U T T T \ T T T T >
-6 -5 -4 3 -2 -1 0 1 2 3 4 5 6 7

Can you write these marked integersin ascending order ? The ascending order of
these numbersis—5, —1, 3. Why did we choose —5 asthe smallest number?

Somepointsaremarked withintegerson thefollowing number line. Writetheseintegers
indescending order.

16 9 4 0 3 8 14

A\ 2

&
<

The descending order of theseintegersis14, 8, 3, ...

Theabovenumber line hasonly afew integersfilled. Write appropriate numbersat
each dot.
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1. A number linerepresenting integersisgiven below
A]IBCDEFGHIJKLMNO

l l l l l l l l l l l l
1 1 1 1 1 1 1 1 1 1 1 1 1 7

—3and -2 aremarked by E and F respectively. Whichintegersare marked by B,
D, H, J, M and O?

2. Arrange7,-5, 4,0and—4inascending order and then mark them on anumber
lineto check your answer.

We have done addition and subtraction of integersin our previous class. Read the
following statements.

Onanumber linewhenwe
() addapostiveinteger, wemovetotheright.
(i) addanegativeinteger, wemovetotheleft.
(i)  subtract apositiveinteger, wemovetotheleft.
(iv) subtract anegativeinteger, we movetotheright.

State whether the following statements are correct or incorrect. Correct those which
arewrong:

() Whentwo positiveintegersare added we get apositiveinteger.
(i)  Whentwo negativeintegersare added we get apositiveinteger.
(i)  Whena pogitiveinteger and a negativeinteger areadded, weawaysget anegative
integer.
(v) Additiveinverseof aninteger 8is(—8) and additiveinverseof (—8) is8.

(v) For subtraction, weadd the additiveinverse of theinteger that isbeing subtracted,
tothe other integer.

(Vi) (-10)+3=10-3
(Vi) 8+(-7)—(-4)=8+7-4
Compareyour answerswith theanswersgiven below:
(i) Correct. For example:
(@ 56+73=129 (b) 113+82=195 etc.
Congtruct fivemore examplesin support of thisstatement.

(i) Incorrect, since (—6) + (—7) =—13, which isnot apositive integer. The correct
statement is: When two negativeintegers are added we get anegativeinteger.

For example,
@ (-56)+(-73)=—129 (b) (—113)+ (—82) =—195, etc.
Congtruct five more exampleson your ownto verify thisstatement.
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(i)  Incorrect, snce—9+ 16=7, whichisnot anegetiveinteger. Thecorrect Statement is:
When one positive and one negativeintegers are added, wetaketheir difference
and placethesign of thebigger integer. Thebigger integer isdecided by ignoring the
sgnsof boththeintegers. For example:

(@ (=56)+(73)=17 (b) (-113)+82=-31 <> ©
© 16+(23)=—-7 (d) 125+ (~101) = 24 ) N =T\
Congtruct fivemoreexamplesfor verifying thisstatement. ¢
(iv) Correct. Some other examplesof additiveinverseareasgiven below: / \ / \
I nteger Additiveinverse () (
-10 10 '
76 —76 / x / \’
—76 76

Thus, theadditiveinverseof any integer ais—aand additiveinverseof (—a) isa.

(v) Correct. Subtraction is opposite of addition and therefore, we add the additive
inverseof theinteger that isbeing subtracted, to the other integer. For example:

(@ 56-73= 56+ additiveinverseof 73 =56 + (-73) =17
(b) 56— (-73) = 56 + additiveinverse of (—73) =56 + 73 =129
(©) (=79)—45=(-79) + (—45) =124
(d) (-100) —(-172) =-100 + 172 = 72 etc.
Writeatleast five such examplesto verify thisstatement.
Thus, wefind that for any two integersaand b,
a—b=a+additiveinverseof b=a+ (—b)

and a—(—b)=a+additiveinverseof (—b) =a+b
(vi) Incorrect, since (-10) +3=—-7and 10-3=7
therefore, (-10) +3#£10-3
(vii) Incorrect, since, 8+ (-7 —-(-4)=8+(-7")+4=1+4=5
and 8+7-4=15-4=11
However, 8+(-7)—-(-4)=8-7+4

We have done various patternswith numbersin our previousclass.
Canyoufind apattern for each of thefollowing?If yes, completethem:

@ 7,3-1,-5, , ,
() -2,—4,-6,-8, , ,
(© 15,10,5,0, : ,

(d -11,-8,-5,-2, , ,
Make some more such patternsand ask your fri ends to completethem.
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ExEercisE 1.1

1. Following number lineshowsthetemperaturein degreecelsus(°C) at different places

onaparticular day.
Lahulspiti\—) Srinagars Shimlaj Ooty Bangalore
~ _i Ol T T T _|5 T T T T T T T T T é T T T T 1|O T T T T 1'5 T T T T 2|0 T T T T 2'5 s

(@ Observethisnumber lineand writethetemperature of the placesmarked onit.

N ()

What isthe temperature difference between the hottest and the col dest places

N among the above?

i

()

C) Whatisthetemperaturedifference between Lahulspiti and Srinagar?
Canwe say temperature of Srinagar and Shimlataken together islessthan the

temperatureat Shimla?lsit alsolessthan thetemperature at Srinagar?

2. Inaquiz, positivemarksaregivenfor correct answersand negative marksaregiven
for incorrect answers. If Jack’ sscoresin five successiveroundswere 25, -5, —10,
15 and 10, what was histotal at theend?

— 3
smﬁi’f—ﬁ:}j

West

At Srinagar temperature was— 5°C on Monday and then it dropped
by 2°C on Tuesday. What wasthetemperature of Srinagar on Tuesday?
On Wednesday, it rose by 4°C. What was the temperature on this

day?
A planeisflying at the height of 5000 m above the sealevel. At a

particular point, itisexactly above asubmarinefloating 1200 m below
thesealevel. What isthevertica distance between them?

Mohan depositsRs 2,000 in hisbank account and withdrawsRs 1,642
fromit, the next day. If withdrawal of amount from the account is
represented by anegativeinteger, then how will you represent theamount
deposited? Find the balancein Mohan’ saccount after thewithdrawal .

Ritagoes 20 km towards east from apoint A to the point B. From B,
she moves 30 km towards west along the sameroad. If the distance
towards east isrepresented by apositiveinteger then, how will you
represent the distancetravelled towardswest? By which integer will
you represent her final positionfromA?

B East\
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In amagic square each row, column and diagona have the same sum. Check which
of thefollowingisamagic square.

5|1-11|-4 1(-10( O
S |27 -4| 3|2
0| 3|3 -6| 4|7
0] (i)
Verify a—(—b) =a+ bfor thefollowing valuesof aandb.
() a=21,b=18 () a=118,b=125
(i) a=75b=84 (vy a=28,b=11
Usethesignof >, <or = inthebox to makethe statementstrue.
@ (-8 +(-4 ] 9--9%
(b) (—3)+7-(19) [[] 15-8+(-9)
() 23-41+11 [] 28-41-11

(d) 39+(-24)-(15) [ ]| 36+(-52)—(-36)
(e —231+79+51 [[] -399+159+81
A water tank hasstepsinsdeit. A monkey isgitting onthetopmost step (i.e., thefirst
step). Thewater level isat the ninth step.
(i) Hejumps3 stepsdown and then jumpsback 2 stepsup. \
In how many jumpswill hereachthewater level ? =

(i) After drinking water, he wantsto go back. For this, he / e
jumps 4 steps up and then jumps back 2 steps down //

in every move. In how many jJumpswill hereach back e
thetop step? /é////?///

(iii) If the number of steps moved down is represented by 77 / Rt
negativeintegersand the number of stepsmoved up by /

positiveintegers, represent hismovesin part (i) and (i) %ﬁ/ /

/ -
by completingthefollowing; (@ -3 +2—-... = —8 ////,Z Lz //*/
(b)4-2+... = 8.1n(a) thesum (—8) representsgoing /;éf ,é‘ / 7
down by eight steps. So, what will the sum 8 in (b) = -2l
represent? '

1.3 PROPERTIES OF ADDITION AND SUBTRACTION OF INTEGERS

1.3.1 Closure under Addition

We havelearnt that sum of two whole numbersisagain awhole number. For example,
17 + 24 =41 whichisagain awhole number. We know that, thisproperty isknown asthe
closure property for addition of thewhole numbers.
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L et usseewhether thisproperty istruefor integersor not.
Following are somepairsof integers. Observethefollowing table and compl eteit.

Statement Observation
() 17+23=40 Resultisaninteger
@) (10)+3=___
(i) (~75)+18=__
(iv) 19+ (—25)=-6 Resultisaninteger
v 27+ (=2n)=____
M) (-200+0=___
(i) (=35 +(-10)=__

What do you observe?1sthe sumof two integersawaysaninteger?

Didyoufind apair of integerswhose sumisnot aninteger?

Sinceaddition of integersgivesintegers, wesay integer sar eclosed under addition.
Ingenera, for any twointegersaand b, a+ bisan integer.

1.3.2 Closure under Subtraction

What happenswhen we subtract aninteger from another integer? Can we say that their
differenceisasoaninteger?

Observethefollowing tableand completeit:

Statement Observation
(i 7-9=-2 Resultisaninteger
(i) 17—-(-22) =
(i) (-8)—-(-14)=6 Resultisaninteger
v) -2)-(-109=___
v 32-(1n=___
M) (-18)-(-18=___
(i) (-29)-0=___

What do you observe?|sthereany pair of integerswhosedifferenceisnot aninteger?
Can we say integers are closed under subtraction? Yes, we can see that integers are
closed under subtraction.

Thus, ifaand b aretwo integersthen a—bisalso anintger. Do thewholenumbers

satisfy thisproperty?
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1.3.3 Commutative Property
Weknow that 3+ 5=5+ 3=8, that is, the whole numbers can be added in any order. In
other words, addition iscommutativefor whole numbers.
Canwe say thesamefor integersalso?
Wehave5+ (-6)=-1and (—6) +5=-1
So,5+(-6)=(-6)+5
Arethefollowing equal ?
() =8 +(=9and(-9) +(-8)
(i) (—=23)+32and 32+ (—23)
(i) (—45)+0and0+ (—45)
Try thiswith five other pairsof integers. Do you find any pair of integersfor whichthe

sums are different when the order is changed? Certainly not. Thus, we conclude that
addition is commutative for integers.

Ingeneral, for any two integersaand b, we can say
atb=Db+a

® \Neknow that subtraction isnot commutativefor whole numbers. |sit commutative
for integers?

Consider theintegers5 and (-3).

Is5—(-3) the same as (-3) -5? No, because 5—(—-3)=5+3=8,and (-3) -5
=-3-5=-8.

Takeatleast fivedifferent pairsof integersand check this.

W\e conclude that subtraction is not commutative for integers.

1.3.4 Associative Property
Observethefollowing examples:

Consider theintegers—3, —2 and 5.
Look at (-5) + [(—3) + (—2)] and [(-5) + (-3)] + (-2).

Inthefirst sum (-3) and (—2) are grouped together and in the second (-5) and (-3)
aregrouped together. Wewill check whether we get different results.

(3)+ () (2) (5+3)

(-5) +[(=3) + (2] [(5) + ()] +(-2)
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1. Writeapair of integerswhosesumgives
(8 anegativeinteger (b) zero

In both the cases, we get —10.
ie, (9 +[(R)+ (2 =[(-H) + (-] + (I
Similarly consider -3, 1and —7.
() +[1+(-7)] =83+ =
[(B)+1+(-7)=-=2+ =
Is(=3) +[1+(=7)] sameas[(-3) + 1] + (-7)?

Takefivemore such examples. You will not find any examplefor whichthesumsare
different. Thisshowsthat addition isassociativefor integers.
Ingeneral for any integersa, b and ¢, we can say
at(b+c)=(a+b)+c

1.3.5 Additive Identity

When we add zero to any whole number, we get the same whole number. Zero isan
additiveidentity for wholenumbers. Isit an additiveidentity againfor integersalso?

Observethefollowing andfill intheblanks:

i) (-8 +0=-8 i) 0+(-8)=-8
(i) (23)+0=_ (V) 0+ (=37)=-37
V) 0+(59)=_ V) 0+  =-43
Vi) —61+  =—61 (viii) +0=

The above examplesshow that zeroisan additiveidentity for integers.
You can verify it by adding zeroto any other fiveintegers.
Ingenera, for any integer a

a+t0=a=0+a

(c) aninteger smdlerthanboththeintegers. (d) aninteger smdler thanonly oneof theintegers.
(e) aninteger greater than both theintegers.

. Writeapair of integerswhosedifferencegives
() anegativeinteger. (b) zero.
(c) aninteger smdlerthanboththeintegers. (d) aninteger greater than only oneof theintegers.
(e) aninteger greater than both theintegers.



N\p=el=2y 9 |

ExampLE 1 Writedownapair of integerswhose
(@ sumis-3 (b) differenceis -5
(c) differenceis2 (d) sumisO

SorLution (@ (()+(2=-3 o (H)+2=-3
b 9-(-49H=-5 o (2-3=-5
© N-(9=2 o 1-(-1)=2
(d (-10)+10=0 oo 5+(-5)=0

Can you write more pairsin these examples?

EXERCISE 1.2

1. Writedownapair of integerswhose:

@ sumis—7 (b) differenceis —10 () sumisO
2. (8 Writeapair of negativeintegerswhosedifferencegives8.

(b) Writeanegativeinteger and apositiveinteger whose sumis—b.

() Writeanegativeinteger and apositiveinteger whosedifferenceis—3.

3. Inaquiz, team A scored — 40, 10, 0 and team B scored 10, O, — 40 in three
successive rounds. Which team scored more? Can we say that we can add
integersin any order?

ALY

4. Fill intheblanksto makethefollowing statementstrue:

(i) B3+ ........... =-53

(i) 17+ ........... =0 )
(V) [13+(=12)] + (ccovreeeene ) = e +[(-12) + (-7)]

V) =4+ + ()] =[ceererren +15] + ...

1.4 MULTIPLICATION OF INTEGERS

We can add and subtract integers. L et usnow learn how to multiply integers.

1.4.1 Multiplication of a Positive and a Negative Integer

Weknow that multiplication of whole numbersisrepeated addition. For example,
5+5+5=3%x5=15

Canyou represent addition of integersinthe sameway?
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We have from thefollowing number line, (-5) + (-5) + (-5) =—15

Find:
4 % (—8), < >
8x (2), 20 -15 10 -5 0
3x (1),
10 x (1) But wecan alsowrite
using number line. (-5) + (-5 + (-5 =3x(-H)

Therefore, 3x(5)=-15
Smilaly (-4)+(-4)+ (4 +(-4)+(-4)=5x(-4)

N

=20

20  -16 -12 -8

And () + (3 + (9 + ()= =

Also, N+ N+ (=)= =

L et usseehow tofind the product of apositiveinteger and anegativeinteger without

using number line.

Let usfind 3 x (-5) inadifferent way. First find 3 x 5 and then put minussign (-)
before the product obtained. You get —15. That iswefind — (3 x 5) to get —15.

v

Smilaly, 5x (—4) =—(5%4) =-20.
Findinasmilar way,
4% (-8)= = 3x(=7)= =
6% (=5) = = 2%x(=9) = =

Using thismethod wethushave,

Hnd: Till now wemultipliedintegersas (positiveinteger) x (negativeinteger).
(i) 6x(-19 Let usnow multiply them as(negativeinteger) x (positiveinteger).
(i) 12x(-32) Wefirst find—3 x 5.
(i) 7x(=22) Tofindthis, observethefollowing pattern: 4’:"
We have, 3x5=15

2x5=10=15-5

1x5=5=10-5

0x5=0=5-5
So, -1x5=0-5=-5
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—2x5=-5-5=-10
-3x5=-10-5=-15

Wealready have 3x(-5)=-15

So we get (3) x5=-15=3x(-H)

Using such patterns, weasoget (-5) x 4=-20=5x (—4)

Using patterns, find (—4) x 8, (-3) X 7, (—6) x5and (- 2) x 9

Checkwhether, (—4)x8=4x(—8),(—3)x7=3%(-7),(-6)x5=6x (—5)

and (=2)x9=2x(-9)

Usingthisweget, (—33) x 5=33 x (-5) =-165

We thus find that while multiplying a positive integer and a negative integer, we
multiply them as whole numbers and put a minus sign (—) before the product. e
thus get a negative integer.

1. Fnd: @ 15x(-16) (b) 21x(=32)
(© (-42)x12 (d -55x15
2. Checkif (@ 25x(-21)=(-25)x21 (b) (-23)x20=23x(-20)
Writefivemore such examples.

Ingenera, for any two positiveintegersa and b we can say
ax(-b)=(-a)xb=—(axb)

1.4.2 Multiplication of two Negative Integers
Canyoufindtheproduct (—3) x (-2)?
Observethefollowing:

3x4=-12

—3x3=-9=-12-(-3)

—3x2=-6=-9-(=3

—3x1=-3=-6-(-3)

-3x0=0 =-3-(-3)

—3x-1=0-(3)=0+3=3

—3x-2=3-(3)=3+3=6
Do you see any pattern? Observe how the products change.
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Based on thisobservation, completethefollowing:
3x-3=_ = 3x-4=__
Now observethese productsand fill inthe blanks:
—4x4=-16
—Ax2= - _12+4 (i) Startingfrom (-5) x 4, find (-5) x (—6)
_4x]1= (i) Startingfrom (—6) x 3, find (—6) x (=7)
—-4x0=__
—4x(-D=___
—4x()=___
—4x(J=___
From these patternswe observethat,
(-3 x(-1)=3=3x1
(B x(2)=6=3x2
(3)x(3)=9=3x3
and (-4 x(-)=4=4x1
So, (-4 x(2=4%x2 =
(-Hx(B=___ =
So observing these products we can say that the product of two negativeintegersis

a positive integer. \e multiply the two negative integers as whole numbers and put
the positive sign before the product.

Thus, wehave (-10) x (-12) =120
Smilaly (-15) x (-6) =90
Ingenerd, for any two positiveintegersaandb,
(-8)x (-b)=axb

Find: (-31) x (-100), (-25) x (-72), (-83) x (—28)

Game 1
(1) Takeaboard marked from—104to 104 asshowninthefigure.

(i) Takeabag containing two blue and two red dice. Number of dotsonthebluedice
indicate positiveintegersand number of dotsonthered diceindicate negetiveintegers.

(i) Every player will placehisher counter at zero.
(iv) Eachplayer will take out two dice at atimefrom the bag and throw them.
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104] 103] 102 [ 101 ] 100 99] 98] 97 %[ 5] %y
, 8| 8 |8 | 8| 8 | 8| 8| 90| 9| 2|9’
V8| 81|80 | 9| | 7| 6| 5| 74| 73] 72y
, 61| 62| 63| 64| 65| 66| 67| 68| 69| 70| 71’
\ 60| 59 | 58 | 57 | 56 | 55| 54| 53| 52| 51| 50
39| 40| M| 42| B 44 45| 4| 47| 48|49/
\ 38| 37| 36| 3| 3] 33] 2] 31| 0| 29[ 28

17| 18] 19 20 21 | 2| 23] 24| 25| 26 27

6| 15] 14| 13] 2] 11| 0] 9| 8] 7] 6,
, 5| -4 3] 2| 1| 0| 1| 2| 3| 4|5’
V-6 —7| -8] —9|-10|-11| —12| -13| 14| -15/-16
27| 26| 25| 24 | =23 | 22| -21| 20| -19| -18|-17/
v 28| 29| -30| -31 | -32 | 33| 34| -35| 36| —37|-38
— 49| —48| —47|-46 |45 |-44| —43| —42| —41| -40/-39 .
‘- 50| 51| 52| 53 | 54 | 55| 56| 57| 58| 59|60
—71| -70| -69|-68 |67 |-66| —65 —64| —63| —62| —61.
\ 72| 73| 74| =75 | =76 | —77| -78 79| 80| -81| —82
-93 | 92| -91][-90 |89 |-88| -87| —86| —85| —84] -83.
\ —94[ 95| —96| —97 [ -98 [ -99] —100| —101[-102] -103| 104

(v) After every throw, the player hasto multiply the numbersmarked onthedice.

(vi) If theproduct isapositiveinteger then the player will move his counter towards
104; if the product is a negative integer then the player will move his counter
towards —104.

(vii) Theplayer whoreaches104firstisthewinner.




MATHEMATICS

the first mathematicians to
attempt to prove

(1) x (-1) =1

=\ @
i

1.4.3 Product of three or more Negative Integers

Eulerinhisbook Ankitungzur  \We observed that the product of two negativeintegersisapositiveinteger.
Algebra(1770), was one of What will bethe product of three negativeintegers? Four negativeintegers?

@ (4x(3=12

L et usobservethefollowing examples:

0) H*xB)x(2)=[)*x(J] x(2)=12x(2)=-24

© xR *x(2)x (D) =[(-4)x
@ B)x[(A)*x(Z)*x () x (D] =

From the above productswe observe that
(@ theproduct of two negativeintegers
iIsapogitiveinteger;
(b) theproduct of threenegativeintegers
iIsanegativeinteger.
(¢) product of four negativeintegersis
apostiveinteger.
Wheat isthe product of five negativeintegersin
(d)?
So what will bethe product of six negative
integers?

We further seethat in (a) and (c) above,
the number of negative integers that are
multiplied areeven [two and four respectively]
and the product obtained in (a) and (c) are
positive integers. The number of negative
integersthat are multiplied in (b) and (d) are
odd and the products obtained in (b) and (d)
arenegdtiveintegers.

(3) x (-2)] *x (-1) = (-24) x (-1)
(-5) x 24 =120

A Special Case

Consider thefollowing statementsand
theresultant products:
D x(-1)=+1
FDxE)x(=D=-1
D x () x (1) x (1) =+1
EDxED)xE)xE)x () =-1
This means that if the integer
(-1) ismultiplied even number of times,
theproductis+1andif theinteger (-1)
ismultiplied odd number of times, the
product is —1. You can check this by
making pairs of (—1) in the statement.
Thisisuseful inworking out productsof
integers.

We find that if the number of negative integers in a product is even, then the
product is a positive integer; if the number of negative integersin a product is odd,

then the product is a negative integer.

Justify it by taking fivemore examplesof each kind.

THINK, Discuss AND WRITE

() Theproduct (-9) x (-5) x (—6)*(-3) ispositive whereasthe product

(-9) % (5) x 6 % (—3) isnegative. Why?

(i) What will bethesign of the product if wemultiply together:
(& 8negativeintegersand 3 positiveintegers?
(b) 5negativeintegersand 4 positiveintegers?
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(© (1), twevetimes?
(d) (-1), 2mtimes, misanatural number?

1.5 PROPERTIES OF MULTIPLICATION OF INTEGERS

1.5.1 Closure under Multiplication
1. Observethefollowingtableand completeit:

Statement I nference
(—20) x (-5) = 100 Product isan integer
(-15) x 17 =—-255 Product isan integer
(30)x12=__
(15 x (=23)=____
(-14) x (-13)=____
12x(-30)=__

What do you observe? Canyoufind apair of integerswhose product isnot aninteger?
No. Thisgivesusanideathat the product of two integersisagain an integer. So wecan
say that integers are closed under multiplication.

Ingenerd,
ax bisaninteger, for al integersaand b.

Find the product of five more pairsof integersand verify the above statement.

1.5.2 Commutativity of Multiplication

Weknow that multiplication iscommutativefor wholenumbers. Canwesay, multiplication
isalso commutativefor integers?

Observethefollowing tableand completeit:

Statement 1 Statement 2 I nference
3x(—4)=-12 (—4)x3=-12 3x(—4)=(-4)x3
(-30)x12=___ 12x(=30)=__

(~15) x (-10) = 150 (-10) x (-15) = 150
(3B)x(-12)=__ (-12) x (=35) =
(-17)x0=__

= (1) x (-15) =
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What are your observations? The above examples suggest multiplication is
commutativefor integers. Writefive more such examplesand verify.

Ingenerd, for any twointegersaandb,
axb=bxa

1.5.3 Multiplication by Zero
Weknow that any whole number when multiplied by zero giveszero. Observethefollowing
productsof negativeintegersand zero. These are obtained from the patternsdone earlier.
(3)x0=0
0x(-4)=0
-5x0=__
Ox(-6)=____
Thisshowsthat the product of anegativeinteger and zeroiszero.
Ingenerd, for any integer a,
ax0=0xa=0

1.5.4 Multiplicative Identity

Weknow that 1 isthemultiplicativeidentity for wholenumbers.

Check that 1 isthe multiplicativeidentity for integersaswell. Observethefollowing
productsof integerswith 1.

(3)x1=-3 1x5=5

Hx1=__ 1x8=_
1x(B)=__ 3x1=_
1x(-6)=__ Tx1=__

Thisshowsthat 1 isthemultiplicativeidentity for integersal so.
Ingenerdl, for any integer awehave,

axl=1xa=a
What happenswhenwemultiply any integer with—1? Completethefollowing:

(3 x(-1)=3
3x(-1)=-3 _ — . .

5 1) = 0 is the additive identity whereas 1 is the
O x()=___ multiplicative identity for integers. We get
(-D)x13=__ additiveinverse of aninteger awhenwemultiply
(1) x (-25) = (-Dtoaie ax(-1)=(-1)xa=-a
18 x (1) =

What do you observe?

Canwesay —1isamultiplicativeidentity of integers?No.
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1.5.5 Associativity for Multiplication
Consider —3,—2 and 5.
Look at [(—=3) x (-2)] x 5and (-3) x [(-2) x 5].
Inthefirst case (—3) and (—2) are grouped together and in the second (—2) and 5 are

grouped together.
We seethat [(-3) X (-2)] x5=6x5=30
and (=3) x[(-2) x 5] = (-3) x (-10) = 30

So, we get the same answer in both the cases.
Thus  [(-3) x (-2)] x5=(3) x[(-2) x 3]
L ook at thisand complete the products:

[(7) x (-6)] x4= x 4=

7x[(—6) x4] =7 x =

IS[7 % (=6)] X (=4) =7 x[(-6) x (=4)]?
Doesthegrouping of integersaffect the product of integers? No.
Ingenera, for any threeintegersa, band c

(axb)yxc=ax(bxc)

Takeany fivevaluesfor a, band c each and verify thisproperty.

Thus, like whole numbers, the product of three integers does not depend upon
the grouping of integersand thisis called the associative property for multiplication
of integers.

1.5.6 Distributive Property

We know
16 x (10+2) = (16 x 10) + (16 x 2) [Digributivity of multiplication over addition]
Let uscheckiif thisistruefor integersalso.
Observethefollowing:
@ (2 x(3+5)=-2x8=-16
and [(-2) x 3] +[(-2) x 5] =(-6) + (-10) =-16
So, (2)x@B+5=[(-2)x3]+[(-2) %8
(b) 4 x[(-2+7]=(-4)x5=-20
and [(d) x (2] +[(-4) x7]=8 +(-28) =20
So, (Ax[(D)+7] =[-8 *x (] +[(=4)*7]
© 8 x[(-+(-D]=(-8)x (=24
and [(-8)x (2] +[(-8)*x(-1)]=16 +8 =24
So, (=8)x[(-2)+ (D] =[(-8)x (2] +[(-8) x (-1)]
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Canwesay that thedistributivity of multiplication over additionistruefor integers
aso?Yes.

Ingenera, for any integersa, bandc,
ax(bt+tc)=axb+axc

Tekeatleast fivedifferent valuesfor each of a, b and cand verify theabove Digtributive
property.

(i) 1s10x[(6+(-2)]=10%x6+10x (-2)?

(i) 1s(=15) x [(=7) + (-1)] = (-15) x (=7) + (-15) x (-1)7?
Now consider thefollowing:
Canwesay4x(3—8)=4%x3-4x8?

Let uscheck:
4x(3-8)=4x(-5)=-20
4x3-4x8=12 -32=-20
So, 4x(3-8)=4%x3-4x8.
L ook at thefollowing:
(5)x[(-4) -(-6)]=(-Hx2=-10
[(-5)x(-4)] -[(-H) x(-6)] =20 -30= -10
So, (-9)x[(-4) —(=6)]=[(-5)*x(-4)] -[(-5) x(-6)]
Check thisfor (—9) x[ 10 —(=3)] and [(9) x 10] —[ (-9) x (-3)]
Youwill find that thesearea so equal.
Ingenerd, for any threeintegersa, bandc,

ax(b-c=axb-axc

Takeatleast fivedifferent valuesfor each of a, b and c and verify thisproperty.

() 1s10% (6—(=2)] =10 x 610 x (-2)?
(i) 1s(=15) x [(=7) = (-] = (-15) x (=7) — (-15) x (-1)?

1.5.7 Making Multiplication Easier
Congder thefollowing:
() Wecanfind (-25) x 37 x4 as
[(-25) x 37] x 4= (—925)x 4 =-3700
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Or, wecandoit thisway,
(=25) x 37 x 4 = (=25) x 4 x 37 =[(=25) x 4] x 37 = (=100) x 37 =-3700
Whichistheeaser way?

Obviously the second way iseasier because multiplication of (—25) and 4 gives
—100 which is easier to multiply with 37. Note that the second way involves
commutativity and associativity of integers.

So, wefind that the commutativity, associativity and distributivity of integershelpto
make our calculationssimpler. Let usfurther see how cal cul ations can be made
easier using these properties.
(i) Find16x12
16 x 12 can bewritten as 16 x (10 + 2).
16x12= 16x(10+2) = 16x 10+ 16 x 2 =160 + 32 = 192
(i) (—23) x 48 =(-23) x[50—-2] = (—23) x 50 — (—23) x 2 = (-1150) — (— 46)
=-1104
(iv) (=35) x (-98) = (-35) x [(—100) + 2] = (-35) x (—100) + (-35) x 2
= 3500 + (—70) = 3430
(V) 52%x(—8)+(H2)x2
(-52) x 2 can dso bewritten as 52 x (-2).
Therefore, 52 x (—8) + (-52) x 2=52 % (—8) + 52 x (-2)
=52 % [(-8) + (-2)] =52 x [(-10)] =-520

Find (1149) x 18; (1i25) x (1i31); 70 x (-19) + (—1) x 70 using distributive property. %
ExampLE 2 Findeach of thefollowing products: < .
() (-18)x(-10)x9 (i) (=20)x (=2) x(H) x 7 ?\\\E\J
(i) (1) x(-5) x (-4) x(-6)
SoLuTION

() (<18) x (—10) x 9 = [(~18) x (=10)] x 9= 180 x 9 = 1620
(i) (—20) x (2) x (-5) x 7=—20x (-2 x -5) x 7=[-20 x 10] x 7 =—1400
(i) (1) x (-5) x (=4) x (—=6) =[(-1) x (-H)] x [(-4) x (-6)] =5%x24=120

ExampLe 3 Verify (=30) x [13 + (<3)] = [(=30) x 13] + [(=30) x (=3)]

SorLutioN  (=30) x [13 + (=3)] = (-30) x 10 =-300
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[(=30) x 13] + [(-30) x (—3)] =—390 + 90 =-300
S0, (-30) x [13 + (-3)] = [(-30) x 13] +[(-30) x (-3)]

ExampLE 4 |n aclasstest containing 15 questions, 4 marks are given for every
correct answer and (—2) marksare given for every incorrect answer.

(i) Gurpreet attemptsall questionsbut only 9 of her answersare correct.
What is her total score? (ii) One of her friends gets only 5 answers

correct. What will be her score?
SoLuTtIiON
() Marksgivenfor onecorrect answer =4
So, marksgiven for 9 correct answers=4x 9= 36
Marksgivenfor oneincorrect answer =—2
So, marksgivenfor 6 = (15—9) incorrect answers = (-2) x 6 =-12
Therefore, Gurpreet’stotal score =36+ (—12) =24
(i) Marksgivenfor onecorrect answer =4
So, marksgivenfor 5 correct answers =4 x5=20
Marksgivenfor oneincorrect answer = (—2)
So, marksgiven for 10 (=15-5) incorrect answers = (—2) x 10=-20
Therefore, her friend’ stotal score=20+(-20)=0
ExavmpPLE 5 Supposewerepresent thedistance abovetheground by apositiveinteger
and that below the ground by anegativeinteger, then answer thefollowing:

(i) Aneevator descendsinto amineshaft at therate of 5 metre per minute. What will
beits position after one hour?

(i) Ifitbeginsto descend from 15 m abovetheground, what will beitsposition after 45
minutes?

SoLuUTION

(i) Sincethedevator isgoing down, sothedistance covered by it will berepresented
by anegativeinteger.
Changein position of theelevator inoneminute=—-5m

Position of the elevator after 60 minutes= (-5) x 60=—300m, i.e., 300 m below
groundleve.

(i) Changein pogition of thedevator in45minutes= (-5) x 45=-225m, i.e,225m
below ground level.

So, thefinal position of the elevator = —225 + 15 =-210m, i.e., 210 m below
groundleve.
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EXERCISE 1.3

. Find each of thefollowing products:

@ 3x(-1 (b) (-1) x 225

(© (-21) x(-30) (d (-316) x (-1)

(€ (-15)x0x(-18) (f) (-12) x (-11) x (10)

@ 9x(3)x(-6) () (-18) x (-5) x (-4)

) (Dx(2)x(3x4 () (3)x(-6)x(=2) x(-1)
. Veify thefollowing:

@ 18x[7+(3)]=[18x7] +[18x (-3)]
(b) (=21) x[(-=4) + (=6)] =[(-21) x (= 4)] +[(-21) x (- 6)]
(i) Foranyinteger a, what is(-1) x aequal to?
(i) Determinetheinteger whose product with (1) is
@ 22 (b) 37 © O

. Starting from (1) x 5, write various products showing some pattern to show
D> D) =1

. Findtheproduct, using suitable properties:

(@ 26 x (—48) + (—48) x (-36) (b) 8x53x(-125)
(©) 15 x(-25) x (—4) x (-10) (d) (-41) x 102

(e) 625 x (-35) + (—625) x 65 ) 7x(50-2)

(@ (-17) x (=29) (h) (-57) x (-19) + 57

. A certainfreezing processrequiresthat room temperature belowered from 40°C at
therate of 5°C every hour. What will be the room temperature 10 hours after the
process begins?

. Inaclasstest containing 10 questions, 5 marksare awarded for every correct answer
and (—2) marks are awarded for every incorrect answer and O for questions not
attempted.

() Mohangetsfour correct and six incorrect answers. What ishisscore?
() Reshmagetsfivecorrect answersandfiveincorrect answers, what isher score?

(i) Heenagetstwo correct and fiveincorrect answersout of seven questionsshe
attempts. What isher score?

. A cement company earnsaprofit of Rs8 per bag of white cement sold and alossof
Rs5 per bag of grey cement sold.

(& Thecompany sdals3,000 bagsof white cement and 5,000 bags of grey cement
inamonth. What isitsprofit or |oss?
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(b) What isthenumber of whitecement bagsit must sall to haveneither profit
nor loss, if thenumber of grey bags sold is6,400 bags.

9. Replacetheblank with aninteger to makeit atrue statement.
@ R)x__ =27 (b) 5x__  =-35
(@) X (—8) = -56 (d) x (-12) =132

1.6 DiIvisioN oF INTEGERS

Weknow that divisonistheinverse operation of multiplication. Let usseean example
for wholenumbers.

Since3x5=15

So 15+5=3and15+3=5

Similarly,4x3=12gives12+4=3and 12+ 3=4

We can say for each multiplication statement of whole numbersthere aretwo

divison statements.
Canyou write multiplication statement and its corresponding divison statements

for integers?

® Observethefollowing and completeit.
Multiplication Statement Corresponding Division Statements
2x(-6)=(-12 -12=(-6)=2 , (12=2=(-6)
(- 4) x 5= (=20) (200+(®)=(-4) , (200+(-4)=5
(-8)x (-9 =72 o= TS
(Dxn=___ — 9=
(-8x4=___ ’
5x(-9=__ ’
(-10) x (-5) = |
From the abovewe observethat :

(H12)=2=(-0) Find:

—20)+~(5)=(-4
((_3)2) —(i:(—S) (@ (-100) +5 (b) (81)+9

¢ (-75+ 5 -32) +2
(L45)+5=_9 © (=79 d (32
We observethat when we divide a negativeinteger by a positiveinteger, wedivide

them as whole numbers and then put a minus sign () before the quotient. e, thus,
get a negative integer.
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® \Weasoobservethat: Can we say that
72+ (8=-9 ad 50+ (-10)=-5 (-48)+8=48~+ (-9)?
72 = (-9)=-8 50 + (-5)=-10 Let us check. We know that
(-48)+8=-6

So we can say that when we divide a positiveinteger by a negative
integer, we first divide them as whole numbers and then put a minus
sign (-) before the quotient. That is, we get a negative integer.

and 48 +(-8)=-6
S0 (—48) ~8=48+ (—8)

o Check this for
Ingeneral, for any two positiveintegersaand b () 90+ (—45) and (-90) + 45
a+ (-b)=-a+b whereb#0 (i) (-136) +4and 136+ (—4)

Find: (a) 125+ (=25) (b)80+(-5) () 64+ (~16)

® [ astly, weobservethat

j
(-12) + (-6)=2 (-20) + (-4 =5/(32) + (-8)=4;(-45) + (-9) =5 /&é&
So, we can say that when wedivide anegativeinteger by anegativeinteger, wefirst
dividethem aswhole numbersand then put apositivesign (+). That is, we get apositive
integer.
Ingeneral, for any two positiveintegersaand b

(-a)+ (-b)=a+ b whereb#0
Find: (@ (-36) ~ (-4) (b) (=201) + (-3 () (325 + (-13) %

N

1.7 PROPERTIES OF DIVISION OF INTEGERS
Observethefollowing tableand completeit:

Statement Inference Statement Inference

(-8 (-4 =2 Reslltisaninteger | (—g)=3=

(-4 ~+(-9-= % Resultisnot aninteger| 3 (—g) =

What do you observe? We observethat integersare not closed under division.
Justify it by taking five more examplesof your own.

® \Weknow that division is not commutative for whole numbers. Let uscheck it for
integersalso.
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You can seefrom thetablethat (—8) + (—4) # (—4) + (- 8).
Is(—=9) + 3thesameas 3+ (—9)?

Is(—30) + (—6) thesame as (— 6) + (—30)?

Canwe say that divisioniscommutativefor integers? No.
You canverify it by taking fivemore pairsof integers.

Likewholenumbers, any integer divided by zeroismeaninglessand zero divided by
aninteger other than zeroisequal to zeroi.e., for any integer a, a+ 0isnot defined
but 0+a=0for az0.

When wedivideawhole number by 1it givesthe samewhole number. L et uscheck
whether itistruefor negativeintegersal so.

Observethefollowing:
(=8)+1=(-8) 1) +1=-11 (-13)+1=-13
(25 +1=__ (3N+1=___ (48 +1=__

This shows that negative integer divided by 1 gives the same negative integer.
So, any integer divided by 1 gives the same integer.

Ingenerd, for any integer a,
a+l=a

What happenswhenwedivideany integer by (—1)? Completethefollowing table

(-8)+(-1)=8 11+ (1) =11 13+ (-)=__
(29)+(D)=___ SBN-H=__ -8B=CD)=__
What do you observe?

We can say that if any integer isdivided by (1) it doesnot givethe sameinteger.

® Canwesay [(-16) + 4] + (-2) is the same as

(10 <[4+ (17

Is () 1+a=17?
(i) a+(-1)

Weknowthat [(=16) + 4] + (=2) = (—4) + (=2) = 2

—a? foranyinteger a. and (-16) ~[4= (2] =(-16) = (-2) =8

Takedifferent valuesof aand check. So [(-16) + 4] + (-2) # (-16) + [4 ~ (-2)]

Canyou say that divisonisassociativefor integers? No.
Verify it by taking five more examplesof your own.

ExampLE 6 Inatest (+5) marksaregivenfor every correct answer and (—2) marks

aregivenfor every incorrect answer. (i) Radhikaanswered dl thequestions
and scored 30 marks though she got 10 correct answers. (ii) Jay also
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answered all the questions and scored (—12) marks though he got 4
correct answers. How many incorrect answers had they attempted?

SoLuTION

0]

Marksgivenfor onecorrect answer =5

So, marks given for 10 correct answers=5x 10 =50
Radhika sscore=30

Marks obtained for incorrect answers=30-50=-20
Marksgivenfor oneincorrect answer = (—2)

Therefore, number of incorrect answers=(-20) + (-2) =10
Marksgivenfor 4 correct answers=5 4=20
Jay’sscore=-12

Marks obtained for incorrect answers=—-12—-20 =—-32

Marksgivenfor oneincorrect answer = (—2)
Therefore number of incorrect answers=(—32) + (—2) = 16

ExampLE 7 A shopkeeper earnsaprofit of Re1 by sellingonepenandincursaloss

0]

(i)

SoLuTION

0]

of 40 paise per pencil whileselling pencilsof her old stock.

Inaparticular month sheincursalossof Rs5. Inthisperiod, shesold 45 pens. How
many pencilsdid shesdll inthisperiod?

In the next month she earns neither profit nor loss. If she sold 70 pens, how many
pencilsdidshesdll?

Stations®s|
e ;“I’ 7 v

Profit earned by sellingonepen=Re1
Profit eerned by sdlling 45 pens = Rs45, whichwedenoteby +Rs45
Total lossgiven = Rs5, whichwedenoteby —Rs5

Profit earned + Lossincurred = Total loss

Therefore, Lossincurred = Total Loss—Profit earned
=Rs(—5-45) = Rs(-50) =-5000 paise

Lossincurred by sallingonepencil = 40 paisswhichwewriteas —40paise
So, number of pencilssold = (-5000) + (—40) = 125 pencils.
Inthe next month thereisneither profit nor loss.

So, Profit earned + Lossincurred =0
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i.e., Profit earned =— L ossincurred.
Now, profit earned by selling 70 pens=Rs 70
Hence, lossincurred by selling pencils= Rs 70 which weindicate by —Rs 70 or

— 7,000 paise.

Total number of pencilssold = (—7000) + (—40) = 175 pencils.

ExEeRrcIsE 1.4

. Evaluateeach of thefollowing:

@ (-30)+10 (b) 50+ (-5 © (36)+ (9

d (-49+(49 (¢ 13+[(-29+1] ) 0+(-12

@ (38D~ [(=30)+(-1)]

M) [(36)+12]+3 () [(-6)+9]+[(-2)+1]

. Veifythat a+ (b+c) # (a+b) + (a+ c) for each of thefollowing vauesof a, band c.

@ a=12,b=-4,c=2 (b) a=(-10),b=1,c=1
. Fllintheblanks:

(@ 369+ =369 (b) <75+ =-1

(Q (208)+___ =1 () —87+__ =87

e _ +1=-87 ®  +48=-1

(@ 20+ =2 h  +@=-3

. Writefive pairs of integers (a, b) such that a+ b= —3. One such pair is (6, —2)
because 6 + (-2) = (-3).
. Thetemperatureat 12 noon was 10°C abovezero. If it decreasesat therateof 2°C

per hour until midnight, at what time would the temperature be 8°C below zero?
What would bethetemperature at mid-night?

. Inaclasstest (+ 3) marks are given for every correct answer and (—2) marks are
givenfor every incorrect answer and no marksfor not attempting any question.
(1) Radhikascored 20 marks. If shehasgot 12 correct answers, how many questions
has she attempted incorrectly?(ii) Mohini scores—5 marksinthistest, though shehas
got 7 correct answers. How many questions has she attempted incorrectly?
(i) Rakesh scores 18 marksby attempting 16 questions. How many questionshas
he attempted correctly and how many has he attempted incorrectly?

. Anéevator descendsinto amine shaft at therate of 6 m/min. If the descent starts
from 10 m abovetheground level, how long will it taketo reach —350m.
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WHAT HAVE WE DISCUSSED?

. Integersareabigger collection of numberswhichisformed by whole numbersand
their negatives. Thesewereintroducedin Class V1.

. You have studied in the earlier class, about the representation of integers on the
number lineand their addition and subtraction.

. Wenow study the properties satisfied by addition and subtraction.

(@ Integers are closed for addition and subtraction both. That is, a + b and
a—bareagainintegers, whereaand b areany integers.

(b) Addition is commutative for integers, i.e, a + b = b + a for al integers
aandb.

(c) Additionisassociativeforintegers,i.e, (a+b)+c=a+(b+c)foral integers
a,bandc.

(d) Integer Oistheidentity under addition. Thatis,a+0=0+a=a for every
integer a.

. Westudied, how integers could be multiplied, and found that product of apositive
and anegativeinteger isanegativeinteger, whereas the product of two negative
integersisapositiveinteger. For example, —2x 7=—-14and-3x -8 =24.

. Product of even number of negativeintegersispositive, whereasthe product of odd
number of negativeintegersisnegetive.

. Integersshow some propertiesunder multiplication.

(@ Integersareclosed under multiplication. Thatis, a x bisaninteger for any two
integersaandb.

(b) Multiplicationiscommutativefor integers. Thatis, a x b=bx afor any integers
aand b.

(©) Theinteger listheidentity under multiplication,i.e., 1 xa=ax 1=afor any
integer a.

(d) Multiplicationisassociativefor integers, i.e., (ax b) x c=ax (b x c) for any
threeintegersa, bandc.

. Under addition and multiplication, integers show aproperty called distributive prop-
erty. Thatis,ax (b+c)=axb+axcforany threeintegersa, band c.
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8. Thepropertiesof commuitativity, associativity under addition and multiplication, and
thedistributive property help usto makeour calculationseasier.

9. Wealsolearnt how to divideintegers. Wefound that,

(@ Whenapostiveinteger isdivided by anegativeinteger, thequotient obtainedis
anegativeinteger and vice-versa.

(b) Divisonof anegetiveinteger by another negativeinteger givesapositiveinteger
asquotient.

10. For any integer a, we have
(@ a=0isnotdefined
(b) a+1=a




